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New physics effects in the Higgs trilinear self-coupling through one-loop radiative
corrections
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(Dated: August 15, 2018)
We compute the one-loop corrections to the triple Higgs boson self-interaction hhh in the frame-
work of the Standard Model, the Two Higgs Doublet Model type III and the Littlest Higgs Model
with T parity. Our results are compared with previous results for the SM. In particular, we find that
an imaginary part for the λˆhhh form factor is induced when one of the Higgs boson legs is off-mass
shell with 4-momentum magnitude higher than the Higgs boson mass. This contribution is sensitive
to virtual effects of the Higgs boson self-interaction, that induces a radiative correction to the hhh
coupling of order 11% in the on-shell scheme λhhh(m
2
h,m
2
h, 4m
2
h). However, the radiative corrections
associated to the new degrees of freedom of the THDM type III and the LHM with T-parity are
smaller and comparable to the W± and Z0 gauge bosons one-loop corrections. Accordingly, the
one-loop corrected Higgs self-coupling induces minimal deviations on the SM prediction in double
Higgs boson production due to gluon fusion at the LHC.
PACS numbers: 14.80.Ec,12.15.Lk,14.65.Ha
I. INTRODUCTION
The study of the trilinear Higgs boson self-coupling in extensions of the Standard Model (SM) has received increased
interest recently [1–10]. In particular, a precise measurement of this self-coupling will determine the structure of the
Higgs potential and thus could confirm that the observed scalar boson with mass of 125 GeV at the LHC [11, 12]
really corresponds to the Higgs boson predicted by the SM. It has been pointed out that the trilinear Higgs boson
self-coupling could be measured in the direct determination of Higgs boson pair production in both e+e− colliders
[13, 14] and the LHC [15–21]. Furthermore, it has been found that the Higgs boson pair production could resolve the
degeneracy between the anomalous couplings in single Higgs boson production [22]. However, it was found that due
to the uncertainties on the Higgs boson pair cross sections in both CMS and ATLAS, it is not clear if a meaningful
measurement of the Higgs boson self-coupling could be possible in this case [23]. On the other hand, it was found that
the determination of the Higgs boson self-coupling via loop effects may be competitive with the direct determination
from Higgs boson pair production in both e+e− colliders and the LHC. This situation has been explored in the
measurement of observables associated to the Higgs boson interactions [1, 24] in future experiments at the high
luminosity (HL)-LHC [25, 26] and lepton colliders like the International Linear Collider (ILC)[27, 28]. Probing the
Higgs boson self-coupling by indirect effects induced by radiative corrections has been studied also in the decay mode
h → ZZ∗ → Zl+l− [29], the Higgs boson interaction to gluons and photons [30, 31], in addition to the single Higgs
boson production at the LHC [32, 33]. Although, the double Higgs production can be also evidence of new physics
scenarios at LHC, such as the next-to-minimal supersymmetric Standard Model [34], large extra dimensions in the
Arkani-Hamed-Dimopoulos-Dvalli scenario [35] or the Randall-Sundrum model [36].
In the SM, the Higgs boson self-coupling hhh appears at tree level and has the form i3m2h/v. However, at one loop
level the Higgs boson self-coupling hhh includes a correction given as:
Γhhh = i
3m2h
v
λhhh, (1)
where λhhh is a form factor. On other hand, for the contribution of some SM extensions (SME), we define the
deviation with respect to SM as ∆λ = λˆSMEhhh /λˆ
SM
hhh. In this sense, deviations with respect to this prediction have been
observed in the effective Lagrangian approach [1–3], in radiative one-loop effects induced in the Two Higgs Doublet
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2Models [2, 3, 5, 31], in the Minimal Supersymmetric Model with a light stop [3, 6], by a heavy neutrino [7], and finally
in the real [8–10] and the complex singlet [10] extensions of the SM.
It is convenient to point out that the hhh vertex has not on-shell direct mapping to an S-matrix element, and as
a consequence other one-loop diagrams should be considered in order to get a full physical transition amplitude for
a given process. In the present paper we are interested in determining, in a complete renormalization scheme, the
one-loop radiative corrections to the h∗hh vertex with two Higgs bosons on-shell mass and the other one off-shell
mass. This vertex is appropriated in the study of the production of a pair of Higgs bosons at the LHC. In this case,
it has been known for a long time [37] that the one-loop box diagram involved in the process gg → hh has a very
important effect that cannot be neglected since there is a cancelation against the contribution with a virtual Higgs
boson gg → h∗ → hh by an order of magnitude. In particular, Kanemura et al. [9] have found recently that a large
deviation of the one-loop corrected hhh coupling may induce a sizeable deviation of the cross section for the process
gg → hh. Since our results for the one-loop correct hhh coupling are of order 11%, we will not address in the present
paper the complete calculation involved in the pair production of Higgs bosons at hadron colliders.
Our results for the radiative corrections to the h∗hh vertex can be easily generalized to the vertex hh∗h∗ with two
virtual Higgs bosons which is involved in the calculation of the complete physical process for the decay h→ ZZ∗ →
Zl+l− [29]. In the present paper we are interested in extending the one-loop radiative corrections to the h∗hh vertex
by including flavor-changing neutral couplings (FCNC) of the Higgs boson in the framework of Two Higgs Doublet
Model (THDM) type III, and mirror fermions in the Littlest Higgs Model (LHM) with T-parity, respectively. We have
found that the FCNC corrections to the Higgs boson self-coupling may be greater than the tau lepton or the bottom
quark contributions, while the mirror fermions effects are close to the contribution induced by the SM gauge bosons
in the Higgs in the on-shell scheme λ(m2h,m
2
h, 4m
2
h). On other hand, we found that in the Higgs on-shell scheme, the
virtual effect of the Higgs boson self interaction induces a radiative correction of the same order of magnitude than
the top-quark virtual effect in the SM, which in turn produces an overall radiative correction to the hhh coupling of
order of 11%. However, there are several studies that have found sizable deviations on the SM hhh vertex induced by
new degrees of freedom heavier than the top-quark mass and these effects could be large enough as to be detected in
the process gg → hh [9, 38].
The plan of the paper is the following. In section 2 we review the theoretical set-up of THDM type III and LHM
with T-parity, necessary for our analysis. In section 3 we present all analytical expressions for the self-coupling hhh at
one-loop level in the SM framework, the quark contributions in THDM type III and the mirror fermions contributions
in LHM with T-parity. The numerical results are presented in section 4 and finally, concluding remarks and outlook
are presented in section 5. Details of the renormalization scheme used in our calculation are included in Appendices
A and B.
II. THEORETICAL FRAMEWORK
In this section we present the relevant aspects of the Higgs sector of the Two Higgs Doublet Model type III and the
Littlest Higgs Model with T-parity, which will be needed to obtain the one-loop correction to the self-coupling hhh.
For this purpose, only the Higgs boson interaction to the respective fermions is analyzed.
A. Two Higgs Doublet Model type III
In the Two Higgs Doublet Model type III, the flavor changing processes are associated with the charged (H±) and
the neutral scalar bosons (h0, H0, A0) at tree level. These interactions are described in detail in [39]; we are interested
in the interaction of the Higgs boson and quarks type up given by:
Lu¯iujh0 = −
g
2mW
u¯i
[
muiξ
u
hδij −
(ξuH + ξ
u
h cotβ)√
1 + cot2 β
√
muimuj√
2
χ˜uij
]
ujh
0 (2)
with h0 the light neutral Higgs boson of the THDM, ξuh = cosα/ sinβ, ξ
u
H = sinα/ sinβ and χ˜
u is a complex mixing
matrix which takes a specific form according to the texture used for the Yukawa matrices [40]. In particular, the
SM with just flavor-conserving neutral couplings is recovered with sin(β − α) = 1 [40]. Since we are interested
in reproducing the SM results already measured for the Higgs boson at the LHC, it is convenient to stay with
sin(β −α) ≃ 1 and we will introduce a new parameter defined as χ = π/2− (β −α) [1]. We will assume also that the
dominant FCNC is given by the h0tc coupling.
3B. Littlest Higgs Model with T-parity
The LHM is an effective theory based in the collective symmetry breaking approach, where in the first stage the
global group SU(5) is broken to SO(5) at a scale f in the TeV range, via the symmetric tensor of vacuum expectation:
Σ0 =
 02×2 02×1 12×201×2 1 01×2
12×2 02×1 02×2
 . (3)
Simultaneously, the gauged subgroup [SU(2)1×U(1)1]× [SU(2)2 ×U(1)2] of SU(5) is broken to the electroweak SM
group SU(2)L×U(1)Y . Finally, the gauged group SU(2)×U(1) is broken to U(1)em via the usual Higgs mechanism;
however, this Higgs potential corresponds to the Coleman-Weinberg potential which is generated by one-loop radiative
corrections. On other hand, from the global symmetry breaking of SU(5)/SO(5), we generated 14 Nambu-Golstone
bosons and four of them were absorbed by heavy gauge bosons (W±H , ZH , AH); the remaining ten Nambu-Golstone
bosons are parametrized by the nonlinear sigma model
LΣ = f
2
8
Tr|DµΣ|2, (4)
where Σ = eiΠ/fΣ0e
iΠT /f , while the field Π and the covariant derivative Dµ are given in [41, 42]. The implementation
of T-parity on the gauge fields consists in exchanging the two SU(2)×U(1) factors; consequently the gauge coupling
of the two SU(2) × U(1) factors are equal and therefore the number of free parameters is reduced. The T-parity
in the fermion sector is introduced by implementing two doublets SU(2)1 and SU(2)2 such that under T-parity the
even linear combination is associated to the SM SU(2) doublet, while the T-odd combination is associated with the
so called mirror fermions. These fermions acquire mass through SU(5) and a T invariant Yukawa interaction:
LLHM+Tmirror = −κijf
(
Ψ¯i2ξ + Ψ¯
i
1Σ0Ωξ
†Ω
)
ΨjR; (5)
here κij is a mixing matrix and, in principle it is different for each mirror fermion, ξ = e
iΠ/f , Ω = diag(1,1,1-1,1,1)
and Ψ1,2,R is a multiplet with five components. Then, after expanding the Lagrangian (5) at O(v2/f2), the masses
of the respective mirror fermions are given by:
mdH = mℓH =
√
2κiif, (6)
muH = mνH =
√
2κiif
(
1− v
2
8f2
)
, (7)
where the mirror down-quark (mirror charged lepton) receives only corrections of order O(v3/f3). Moreover, the
Higgs couplings to the mirror up-quark and mirror heavy neutrinos are given by
hu¯HuH = hν¯HνH ∼ iκii
2
√
2
v
f
. (8)
On other hand, the Higgs boson does not have direct couplings to mirror down-quarks and mirror charged leptons.
III. ONE-LOOP CORRECTIONS TO THE SELF-COUPLING hhh
In this section we present the different contributions to the λhhh form factor induced at one-loop level. For this
purpose, we take the SM contributions as reference to compare our results obtained for THDM type III and LHM
with parity T. In order to compute the general one-loop vertex corrections of the self-coupling hhh with off-shell scalar
bosons and to satisfy the Bose symmetry, we need additional vertices with the different permutations of the particles
4-momenta. However, in the final expressions we will have only one off-shell scalar boson i.e. h(m2h)h(m
2
h)h
∗(q2).
This structure of the λhhh form factor allows to analyze a Higgs boson pair production from a third off-shell Higgs
in hadronic or e+e− collisions, with known 4-momenta. In this sense, the Higgs self-coupling hhh was analyzed in
processes such as gg double-Higgs fusion (gg → hh), V V double-Higgs fusion (qq′ → hhqq′, V = W±, Z), double
Higgs-strahlung (qq¯′ → V hh), associated production with top-quarks qq¯/gg → tt¯hh [19] and high energy photon-
photon collisions via the γγ → tt¯hh process [43]. Nevertheless, in these analyses the self-coupling hhh is independent
of the 4-momenta of any Higgs boson. Finally, we have used the Feynman parametrization to resolve the tensorial
integrals and we found that the results are UV-divergent, which need to be renormalized. In order to renormalize
4the self-coupling hhh at one-loop level we need the counterterm contributions δλhhh, which cancel the respective
UV-divergence and lead to a finite result:
λˆhhh = λhhh + δλhhh, (9)
where the counterterm of the self-coupling is built by redefinitions of parameters and the Higgs boson field as follow
[44, 45]:
δλhhh = δZe − δsW
sW
+
δm2h
m2h
+
e
2sW
δt
mWm2h
− 1
2
δm2W
m2W
+
3
2
δZh. (10)
The details of these procedures are given in the Appendix A. In next section we show the general form of the different
contributions to the self-coupling hhh, where ∆ = 2/ǫ− γ + log(4π) represents the respective UV-divergent term and
Λ is an energy cutoff.
A. SM framework
In the SM the Higgs self-coupling hhh at one-loop level is induced by fermions, gauge bosons and Higgs self-coupling,
and the main contribution is induced by a top-quark loop. In this subsection we will include the different corrections
to self-coupling hhh at one-loop level in SM.
1. Fermionic contributions
These contributions are induced only by three-point loops of fermions, and thus the correction to the self-coupling
hhh can be written as follows:
λSMf (q
2) =
g2m4fNc
3!48π2m2hm
2
W
[
18 +
3
2
∆−
∫ 1
x=0
∫ 1−x
y=0
dxdy
[
ΞSMf (x, y, sf , sq) + 144sf
3∑
k=1
log
(m2h
Λ2
µ2k
)]]
, (11)
where 3! is the number of possible permutations in the 4-momenta of the external Higgs bosons and Nc is the number
of color, with Nc = 3 for quarks and Nc = 1 for leptons. Further, s
2
k = m
2
k/m
2
h, s
2
q = q
2/m2h, µ
2
k can be obtained from
the Feynman parameters M2k given in appendix B, and Ξ
SM
f (x, y, sf , sq) is a dimensionless function given by:
ΞSMf (x, y, sf , sq) =
[
4s2f + s
2
q(1− 2x− 2y) + 2(x+ y − 1)
] 1
µ21
+
[
4s2f − 2x+ s2q(2x− 1)
] 1
µ22
+
[
4s2f − 2y + s2q(2y − 1)
] 1
µ23
. (12)
In particular, when we consider the Higgs on-shell scheme, we have the following simplified expression:
ΞSMf (x, y, sf ) =
3(4s2f − 1)
s2f + x
2 + (x+ y)(y − 1) . (13)
2. Gauge bosons contributions
In this sector there are contributions induced by the gauge bosons V = Z0, W±, which are generated by a three-
point (labeled by VI) and a two-point loop (labeled by VII) diagrams of gauge bosons. Then, after solving the tensorial
integral we found the following results:
λSMVI (q
2) =
g2mW
3!96π2η6mhs3V
∫ 1
x=0
∫ 1−x
y=0
ΞSMV (x, y, sV , sq)dxdy, (14)
λSMVII (q
2) = − g
2mW
3!1440π2η4mhs3V
[
7(2 + s4q)− 30(2 + s2q)s2V
]
, (15)
where η = 1 for W± and η = cos θW for Z
0. Further, ΞSMV (x, y, sV , sq) is another dimensionless function with a large
mathematical structure but the specific form of this function is not included in this report. Then, the total correction
of this sector has the form λSMW+Z = λ
SM
ZI
+ λSMZII + λ
SM
WI
+ λSMWII .
53. Higgs self-coupling contributions
Finally, there is a correction induced by the Higgs self-coupling contribution, which is also generated by a three-
point (labeled by hI) and a two-point (labeled by hI) loop diagrams of Higgs bosons. This correction has not been
included in previous calculations in the framework of the SM [2, 9]. We will find that its contribution is lower than
the top-quark loop, but of the same order of magnitude. It is important to mention that the correction induced by
the three-point loop λSMhI is free of UV-divergences, and thus it was not necessary to renormalize it with the respective
counterterm contribution. On other hand, we found that the contribution of the two-point loop diagram λSMhII vanishes
when the result is renormalized by the respective counterterm contribution. Then, the results are the following:
λSMhI (q
2) =
9g2m2h
3!32π2m2W
∫ 1
x=0
∫ 1−x
y=0
ΞSMh (x, y, sq)dxdy, (16)
λSMhII (q
2) =
3g2m2h
3!32π2m2W
[
3∆− 2
∫ 1
x=0
log
[m2h
Λ2
[
x(x − 1) + 1]]dx+ ∫ 1
x=0
log
[m2h
Λ2
[
x(x − 1)s2q + 1
]]
dx
]
, (17)
where the dimensionless function ΞSMh (x, y, sq) is given by:
ΞSMh (x, y, sq) =
1
1 + (y − 1)y + s2qx(x + y − 1)
+
1
1 + (x − 1)x+ s2qy(x+ y − 1)
+
1
1− sq2xy + (x+ y − 1)(x+ y) . (18)
and the dimensionless function in the Higgs on-shell scheme have the following simplified expression:
ΞSMh (x, y) =
3
x2 + (y − 1)(x+ y) + 1 . (19)
B. THDM type III framework
In this subsection we present the quark contributions of the THDM type III, which arise from the diagonal and
nondiagonal Higgs interactions given by Eq. (2). First, the diagonal part is proportional to the SM fermion contri-
bution, while the nondiagonal part is a new contribution due to the correction of the self-coupling hhh of the THDM
type III. The general case corresponds to a three-points loop with three effective vertices; but we will consider for
simplicity the radiative corrections induced with only one or two effective vertices.
1. Flavor conserving case
The diagonal Higgs interactions given by Eq. (2) induce a small correction to the SM coupling h0u¯iui. We found that
the correction to the self-coupling hhh is proportional to fermionic contribution of the SM, i.e. λTHDM-III = h˜niiλ
SM
u ,
where n = 1, 2, 3 represents the number of effective vertices in the loop and
h˜ii = ξ
u
h −
ξuH + ξ
u
h cotβ√
2
√
1 + cot2 β
χ˜uii. (20)
2. Flavor changing case
In the case of nondiagonal Higgs interactions, we used only two effective vertices h0u¯iuj and after solving the
tensorial integral, we obtained the following result:
6λTHDM-IIIFC (q
2) =
g2Nc
96π2
m2h
m2W
(ξuH − ξuh cotβ)2
(1 + cot2 β)
Re(χ˜uijχ˜
u∗
ji )
(2)3!
×{
12sisj(s
2
i + sisj + s
2
j)−
[
s2i sj
∫ 1
x=0
∫ 1−x
y=0
Ξ(x, y, si, sj , sq)dxdy
+24(2si + sj)
[
3
2
∆−
3∑
k=1
∫ 1
x=0
∫ 1−x
y=0
log
(m2h
Λ2
M2k
)
dxdy
]
+ (i⇄ j)
]}
, (21)
where 2Re(χ˜uijχ˜
u∗
ji ) = χ˜
u
ij χ˜
u∗
ji + χ˜
u∗
ij χ˜
u
ji, the expressions for the M
2
k functions are included in the Appendix B, while
the symbol i⇄ j represents the exchange the quark type in the loop and, therefore the factor (2)3! is introduced to
obtain the average of these contributions. Furthermore, we introduce the following dimensionless function:
Ξ(x, y, si, sj , sq) =
[
si(4s
2
i − s2q)(x+ y)− sj [2s2j + 4sjsi − (2s2i − s2q + 2)](x+ y − 1)
] 1
M21
+
[
si[4s
2
i (x+ y)− 2x+ s2q(x− y)] + sj[2s2i − 4sisj − (2s2j − s2q)](x+ y − 1)
] 1
M22
+
[
si[4s
2
i (x+ y)− 2y − s2q(x− y)] + sj [2s2i − 4sisj − (2s2j − s2q)](x+ y − 1)
] 1
M23
. (22)
Note that the one-loop correction λTHDM-IIIFC is symmetrical to the exchange of masses in the loop (si ⇄ sj). Finally,
it is important to mention that with appropriate changes of masses and coupling constants, equation (21) reproduces
the result of the SM given by Eq. (11).
C. LHM with T-parity framework
In analogy with the SM, in the LHM with T-parity there are contributions arising from heavy mirror fermions,
heavy gauge bosons and heavy scalars bosons. These contributions are suppressed by the energy scale f1, but since
the contributions of the SM fermions are proportional to the fourth power of their masses, we expect that the main
contributions arise from mirror fermions in the LHM with T-parity. Therefore, we will consider only the contributions
of mirror fermions. Then, from the masses (7), the Higgs couplings to the mirror fermions (8) and the fermionic
contributions (11), the respective contribution is given by:
λLHM+TfH (q
2) =
3∑
i=1
κ2iimfHmWNc
3π22
11
2 3!gm2h
v3
f3
[
18 +
3
2
∆
−
∫ 1
x=0
∫ 1−x
y=0
dxdy
[
ΞSMfH (x, y, sfH , sq) + 144sfH
3∑
k=1
log
(m2h
Λ2
µ2k
)]]
, (23)
where fH can be a mirror heavy up-quark or mirror heavy neutrino; furthermore the sum comprises three families of
mirror fermions. While, the ΞSMfH and µ
2
k functions are the same as given in Eq. (11) with f → fH .
IV. NUMERICAL RESULTS AND DISCUSSION
It is important to emphasize that in the SM the self-coupling hhh at tree level is independent of the 4-momentum
of any scalar boson. However, at one-loop level and with at least one off-shell scalar boson, this coupling may contain
real and imaginary parts. At this stage, the respective λˆhhh form factor depends on loop particles masses; if these
1 The masses of heavy bosons and heavy scalar are directly proportional to the symmetry breaking scale f , as well as the mirror fermion
masses [46].
7particles are heavier than the 4-momentum of the off-shell Higgs boson, then the induced form factor is a complex
function of q2. Consequently, the λˆhhh form factor in the Higgs on-shell scheme is a real function for ||q|| = mh < 2m,
with m the particle mass coupled to the off-shell Higgs boson. This uncoupling behavior was obtained also in the
Higgs-boson form factor effects in tt¯ production [47], the trilinear neutral gauge boson couplings ZZZ∗, ZZγ∗ and
Z∗Zγ [48], as well as in the electromagnetic [49] and weak static properties of tau lepton [50, 51]. For these reasons,
we focused on the λˆhhh form factor contribution with the 4-momentum of the off-shell Higgs boson higher than
the Higgs boson mass. Details of the renormalization procedure for the dominant heavy fermion contributions are
included in Appendix A. Moreover, our numerical analysis has been performed without approximations and we have
used mh = 125 GeV for the Higgs boson mass.
A. SM framework
1. Top quark contribution
We analyzed the Higgs on-shell scheme and we found λˆSMtop = 9.14049% for the top-quark contribution; however, the
bottom-quark (λˆSMb ≃ 3.442× 10−6%+ i6.4810× 10−9%) and tau lepton (λˆSMτ ≃ 2.535× 10−8%+ i7.962× 10−12%)
contributions are very suppressed. Then, in the Higgs on-shell scheme the main contribution to the λˆhhh form factor
comes from the top-quark. In the following analysis we consider only the top-quark contribution. In order to compare
our results with previous work, the Eq. (1) of [2] gives λˆeffhhh(SM) ≃ 9.8221% and this result was obtained by the
diagrammatic approach. On other hand, λˆSMtop ≃ 9.14693% can be extracted from ∆Γˆ3H of Eq. (32) in the reference
[52]. These contributions are very similar to our results, but it is important to mention that they were obtained with
some approximations for the 4-momentum magnitude of the off-shell scalar boson. On other hand, Figure 1 shows
the real and imaginary parts of the λˆSMtop form factor as function of the 4-momentum magnitude of the off-shell scalar
boson.
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FIG. 1: Real (left) and imaginary (right) contributions of top-quark to the λˆSMtop form factor, as function of the 4-momentum
magnitude of the off-shell scalar boson. There is no induced imaginary part for ||q|| < 2mt and λˆ
SM
top ≃ 9.14049 % in the Higgs
on-shell scheme. The vertical lines indicate the Higgs on-shell scheme (||q|| = 125 GeV).
We obtained that there is no imaginary part for ||q|| < 2mt. Nevertheless, we will show that the imaginary part
increases considerably for higher values of ||q|| and the real part remains basically stable, although it has a small
maximum after ||q|| = 2mt and this numerical behavior is consistent with the analysis of [4]. It is important to
mention that a large contribution to the λˆSMtop form factor (for higher values of ||q||) can violate unitarity, but we will
show below that the gauge bosons and the Higgs self-coupling can reduce this large imaginary contribution.
2. Gauge bosons contributions
The total contribution of this sector includes contributions from W± and Z0 bosons; we show these contributions
for each gauge boson in Figure 2. There is no imaginary part for ||q|| < 2mV again and there is a great negative
contribution for higher ||q||. For the real part, we obtain peak contributions in ||q|| ≃ 2mV , which agrees with the
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FIG. 2: Real (left) and imaginary (right) contributions of gauge bosons to the λˆSMV form factor; we show the W
± boson (black
line) and Z0 boson (blue line) contribution, as well as the sum of both contributions (dotted blue line) as function of the
4-momentum magnitude of the off-shell scalar boson. There are no induced imaginary parts for ||q|| < 2mV , while in the Higgs
on-shell scheme we found λˆSMW ≃ 0.0388%, λˆ
SM
Z ≃ 0.03384% and λˆ
SM
W+Z ≃ 0.0726%. The solid vertical line indicates the Higgs
on-shell scheme, while the dashed vertical lines corresponds to 2mV .
uncoupling behavior. In these regions we have corrections of order 3.524% (||q|| ≃ 2mW ) and 1.192% (||q|| ≃ 2mZ),
respectively; these values are in agreement with the analysis of [4]. These regions give the greatest contributions to the
gauge sector. Moreover, the real part increases smoothly with increasing ||q||, but the self-coupling hhh contribution
will reduce this large contribution.
Of particular importance is the Higgs on-shell scheme, where we found λˆSMW ≃ 0.0388% and λˆSMZ ≃ 0.03384% for
the W± and Z0 gauge bosons contributions, respectively. Then the total contribution is given by λˆSMW+Z ≃ 0.0726%,
which is approximately three orders of magnitude smaller than the top quark contribution.
3. Higgs self-coupling contributions
The contribution of this sector is shown in the Figure 3, with similar properties that have characterized the previous
sectors. In particular for ||q|| ≃ 2mh we found a correction of approximately 4.9168% and there is a negative real
contribution for higher ||q||, which can reduce the large real part of the gauge bosons contributions. Furthermore,
for higher ||q|| there is also a negative imaginary contribution which in turn reduces the large imaginary top-quark
contribution. For the Higgs on-shell scheme, we found λˆSMh ≃ 1.83974 %, which is a bit smaller than the top-quark
contribution, but it is approximately two orders of magnitude bigger than the gauge bosons contribution. Therefore,
the total SM self-coupling hhh corrections at one-loop level is λˆSMhhh = λˆ
SM
top + λˆ
SM
W+Z + λ
SM
h ≃ 11.0528%, which is a
relativity high correction.
B. THDM type III framework
1. Flavor conserving case
As we mentioned above, in this case the radiative correction is proportional to the fermionic SM contribution and
the main contribution is provided by the top-quark loop; the deviation with respect to the SM is ∆λTHDM-III =
λˆTHDM-IIItop /λˆ
SM
top = h˜
n
ii. In the following analysis, we focus exclusively in the situation for n = 2 and χ˜ii = 1; the results
are shown in Figure 4. It is important to note the region for small values of the χ parameter: where for smallest χ,
the result is basically independent of the value of tanβ. This situation leads to the SM model correction, which is
consistent with the discussion presented in section II.A. On other hand, for unsuppressed values of χ, the contribution
decreases considerably with increasing tanβ. The larger contributions to the λˆTHDM-III factor come from small values
of tanβ.
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FIG. 3: Real (left) and imaginary (right) contributions of the Higgs self-coupling to the λˆSMh form factor as function of the
4-momentum magnitude of the off-shell scalar boson. There is no induced imaginary part for ||q|| < 2mh and λˆ
SM
h ≃ 1.83974
% in the Higgs on-shell scheme. The vertical line indicates the Higgs on-shell scheme (||q|| = 125 GeV).
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FIG. 4: Desviation with respect to the SM ∆λTHDM-III = h˜2ii for the THDM type III in the flavor conserving case. The
respective contribution is very similar to the SM result when χ is very suppressed, while it decreases when tan β increases.
2. Flavor changing case
As mentioned previously, for this case we need to consider only two effective vertices with charm and top quarks, with
an arbitrary Re(χ˜uij χ˜
u∗
ji ) factor. In Figures 5 and 6 we depict the numerical behavior of the real (left) and imaginary
parts (right) of the λˆTHDM-IIIFC form factor, as function of the 4-momentum magnitude of the off-shell scalar boson.
These figures correspond to tanβ = 1 and tanβ = 10 respectively, we have used |χ| = 0.20 (blue line), |χ| = 0.14
(blue dotted line) and |χ| = 0.028 (blank dotted line). In the first place, we appreciate that the imaginary part is
smaller than the real part, although both contributions decrease significantly with smaller values of χ. Unlike the
SM contributions, the flavor changing coupling in the THDM type III induces an imaginary part for ||q|| < mt +mc.
Moreover, the uncoupling behavior is appreciable with an abrupt slope change at ||q|| = mt +mc. Finally, for largest
values of tanβ we found suppressed contributions.
Table I shows the predictions induced at the Higgs on-shell scheme, for some values of χ and tanβ. As it was
expected, the less suppressed contribution would come from smaller values of the tanβ, and for not very suppressed
values of χ. It is important to note that though small, the correction induced by the flavor changing coupling can be
larger than the tau lepton or bottom-quark corrections.
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FIG. 5: Real (left) and imaginary (right) contribuctions of λˆTHDM-IIIFC form factor, as function of the 4-momentum magnitude
of the off-shell scalar boson. We have used tan β = 1 with |χ| = 0.20 (blue line), 0.14 (blue dotted line) and 0.028 (black dotted
line). The vertical line indicate the Higgs on-shell scheme (||q|| = 125 GeV).
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FIG. 6: The same that in figure 5 but for tan β = 10.
❍
❍
❍
❍χ
tan β
tan β = 1 tanβ = 10
χ = 0.2 1.12 × 10−3 + i4.08 × 10−5 1.12× 10−3 + i4.08 × 10−5
χ = 0.14 5.54 × 10−4 + i2.01 × 10−5 5.54× 10−4 + i2.01 × 10−5
χ = 0.028 2.23 × 10−5 + i8.11 × 10−7 2.23× 10−5 + i8.11 × 10−7
TABLE I: Predictions for λˆTHDM-IIIFC /Re(χ˜
u
ij χ˜
u∗
ji )% factor for some values of χ and tanβ; we consider the Higgs on-shell scheme.
C. LHM with T-parity framework
In the LHM with T-parity there are two different contributions of the mirror fermions: one for mirror up quark
and another for the mirror heavy neutrino. Consequently, there are two different types of mixing matrices κii, but
for our analysis we will consider that such matrices have the same magnitude of order e.g. κiℓH ∼ κiqH ≡ κii. Two
free parameters of the LHM with T-parity are thus involved in the contribution (23): the scale symmetry breaking f
and the mixing matrix κii. Constraints on these parameters are discussed in Ref. [42], where it is considered that the
mirror quarks are heavier than all the heavy gauge bosons. This corresponds to values of κii & 0.45, which makes the
decay qH → VHq (VH = W±H , ZH) kinematically allowed, while for κii . 0.45 the only kinematically allowed decay
of the mirror quark is qH → AHq, and finally if κii . 0.1 the mirror quarks are stable. Thus, for 0.1 . κii . 0.45
and some results obtained from the 8 TeV run at the LHC, the combined analyses of electroweak precision physics
and Higgs precision physics results in a lower bound f & 694 GeV at 95% C.L., while f & 638 GeV was obtained
from direct searches in pp → qHqH and pp → qHAH processes at 95% C.L. Therefore, in the following analysis we
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will consider κii = 0.45, and the region between 500 GeV and 2000 GeV for the scale symmetry breaking. Moreover,
for simplicity we consider that the masses of the three mirror families are the same and then the sum over families is
replaced by a three factor.
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FIG. 7: Prediction for the λˆhhh form factor in the LHM with T-parity, as a function of the symmetry breaking scale f . We
have used the Higgs resonance region and κii = 0.45 to obtain the heavy mirror up-quark (dashed line), heavy mirror neutrino
(dotted line) and the sum of both contributions (black line). The vertical line corresponds to the lower bound f = 694 GeV.
In the Fig. 7 we depict the mirror up quark, mirror neutrino and the sum of both contributions for the λˆhhh form
factor, as a function of the symmetry breaking scale f for κii = 0.45 and for the Higgs on-shell scheme. We also
include the lower bound f & 638 GeV, which is given by the vertical line in this figure. Mathematically speaking, the
difference between the contributions of heavy mirror up-quarks and heavy mirror neutrinos is given by the number of
color Nc; consequently the mirror up-quark correction is the dominant contribution. We note that these corrections
decrease softly with the increasing symmetry breaking scale f . Particulary, for the sum of both contributions in
f = 500 GeV we have λˆLHM+Thhh ≃ 0.0977% and for f = 2000 GeV, we have λˆLHM+Thhh ≃ 0.0062%, while that for the
lower bound f = 694 GeV is the λˆLHM+Thhh ≃ 0.0512%. It is important to note that there is no imaginary part in the
regime of the Higgs on-shell scheme, but for large 4-momentum magnitude of the off-shell scalar boson an imaginary
part is induced; Figures 8 and 9 depict this situation.
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FIG. 8: Real (left) and imaginary (right) contributions of the λˆLHM+Thhh form factor, as function of the 4-momentum magnitude
of the off-shell scalar boson. We have used f = 700 GeV and κii = 0.45, to obtain the heavy mirror up-quarks (dashed
line), heavy mirror neutrinos (dotted line) and the sum of both contributions (black line). The vertical line corresponds to
||q|| = 2mfH ≃ 877 GeV.
For f = 700 GeV and κii = 0.45 we show the real and imaginary parts of the λˆ
LHM+T
hhh form factor, as function of the
4-momentum magnitude of the off-shell scalar boson in Figure 8. The numerical behavior is similar to the fermionic
SM contribution (see Fig. 1), but in a smaller scale. There is a small maximum in the real part after 2mfH ≃ 877
GeV, where also the imaginary part is induced. Moreover, the imaginary part increases with the 4-momentum
magnitude of the off-shell scalar boson, such as the top quark in the SM, which is considerably reduced by the
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contributions of heavy gauge bosons and self-coupling contributions. In particular, we have Re(λˆLHM+Thhh ) ≃ 0.0507%
and Re(λˆLHM+Thhh ) ≃ 0.0341% for the real part of the sum of both contributions, in ||q|| = 500 GeV and ||q|| = 2000
GeV, respectively.
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FIG. 9: The same situation as in figure 8 but for f = 1000 GeV, where now 2mfH ≃ 1263 GeV.
If the symmetry breaking scale is increased to f = 1000 GeV, the corrections decrease softly and we have the
same behavior than the previous case, but now with 2mfH ≃ 1263 GeV. In this case we have used the same values
of ||q|| than the previous case, to obtain Re(λˆLHM+Thhh ) ≃ 0.0250% and Re(λˆLHM+Thhh ) ≃ 0.0229% for the sum of both
contributions, respectively. Thus, we can appreciate that the correction to the λˆhhh form factor in LHM with T-parity
is not very sensitive to higher values of the symmetry breaking scale f , and of the 4-momentum magnitude of the
off-shell scalar boson ||q||.
V. CONCLUSIONS
We have performed a detailed calculation of the one-loop radiative corrections to the triple Higgs self-coupling
(λloop) in the framework of the SM, the THDM type III and the LHM with T parity. Since the results are UV-
divergent, we analyzed the respective renormalization scheme and we studied the correspondence of our results with
results previously reported. Then, we found that the UV-divergence terms vanished with the respective counterterms,
and further they have no contribution to the final result λˆhhh. Appendix A includes details of the renormalization
scheme used in our calculation with a explicit treatment of the divergent contributions. Numerically speaking, we
found that the form factor at one-loop level, with at least one off-shell mass scalar boson, may contain real and
imaginary parts. In the SM, the top quark loop dominates the radiative correction, and we were able to reproduce the
result obtained in previous studies 9.14049% without requiring any approximation for the 4-momentum magnitude
of the off-mass shell scalar boson. We also found that in the Higgs on-shell scheme, the virtual effect of the hhh
self-coupling induces a radiative correction λSMh ≃ 1.83974%, which in turn modifies the total radiative SM correction
λˆSMhhh = λˆ
SM
top + λˆ
SM
W+Z + λ
SM
h ≃ 11.0528%.
Our results for the top-quark correction to the hhh form factor shows that an imaginary part is generated when the
momentum magnitude of the off-mass shell Higgs boson leg is larger than the Higgs boson mass. This imaginary part
is larger than the respective real part, but we showed that virtual effects of the hhh self-coupling and the gauge boson
contributions (V = Z0, W±) reduce the magnitude of the top-quark imaginary part, without further consequences
to the unitary constraints. However, the real and imaginary parts to the one-loop corrected h∗hh form factor should
be considered in a complete calculation of the cross section for the process gg → hh for energies beyond the on-mass
shell threshold. Kanemura et al. [9] have already performed a detailed calculation of this cross section on-mass shell
in the SM and some extensions of the SM. They found that sizable effects could be generated for the SM result if the
one-loop corrected hhh vertex has large deviations. A complete study of the gg → hh process for energies beyond the
on-mass shell threshold will be left for a future work.
On the other hand, we also computed in the THDM type III the radiative correction induced by a FCNC of the type
h0tc. Our results show that this new fermionic contribution is also small but larger than the lepton and bottom-quark
corrections. Finally, we obtained that the new degrees of freedom associated to the THDM type III and the LHM
with T-parity are rather smaller, and for the last framework they are not very sensitive to the value of the symmetry
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breaking scale f .
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Appendix A: Renormalization of self-coupling hhh at one-loop level
In this appendix we discuss the treatment to cancel the UV divergences of the self-coupling hhh. Since the main
contributions is induced by heavy fermion, we focus mainly in these results. The respective counterterms of the
equation(10) are introduced according to following redefinitions:
e → (1 + δZe)e,
sW → sW + δsW ,
m2h → m2h + δm2h,
m2W → m2W + δm2W ,
h0 → (1 + 1
2
δZh)h
0.
(A1)
The Higgs tadpole contribution is zero at one-loop level and thus 0 = T + δt, where T is the Higgs-boson one-point
function. The other counterterms involve two-point functions of the photon ΣAAT , the Z-photon mixing Σ
AZ
T , the
gauge bosons ΣV VT and the Higgs boson Σ
h
T , in the following form [44, 45]:
δZe =
1
2
∂ΣAAT (q
2)
∂q2
∣∣∣∣
q2=0
− sW
cW
∂ΣAZT (0)
m2Z
(A2)
δsW
sW
= −1
2
c2W
s2W
R˜e
(
ΣWWT (m
2
W )
m2W
− Σ
ZZ
T (m
2
Z)
m2Z
)
(A3)
δZh = −Re∂Σ
h(q2)
∂q2

q2=m2
h
, δm2h = ReΣ
h(m2h), δm
2
W = R˜eΣ
WW
T (m
2
W ). (A4)
The complete expressions of all these two-point functions are included in the Eqs. (B1)-(B5) of the reference [45],
where the full contributions of each one are presented and they involve the Passarino-Veltman functions A0(m
2)
and B0(k
2,m21,m
2
2). In our case, the top-quark counterterm δλ
SM
t for λ
SM
f given in Eq.(11) is constructed out of
the respective Higgs-boson one-point function and the Higgs-boson contributions to ΣAAT , Σ
AZ
T , Σ
V V
T and Σ
h. In an
analogous way, we constructed the δλSMV counterterm associated to the gauge-boson contributions to λ
SM
V given in
Eqs.(14) and (15). On the other hand, since only the bubble loop induced by the Higgs-boson self coupling is UV-
divergent (17), the respective δλSMhII receive the contributions from Σ
V V
T , Σ
h and the Higgs-boson one-point induced
by the hhh self-coupling.
The above renormalization scheme has been used satisfactorily in the radiative corrections to the vertices hhh and
hZZ at one-loop level [4, 7, 8]. However, in our case we have also contributions coming from flavor-changing neutral
couplings involving the top-quark in the THDM and mirror fermions of the LHM with T-parity. In order to include
these two new corrections in our renormalization scheme, first we need to calculate the two-point functions induced
by the flavor-changing neutral couplings:
ΣhFC(q
2) =
Ncg
2mimj(ξ
u
H − ξuh cotβ)2
28π2m2W (1 + cot
2 β)
Re(χ˜uij χ˜
u∗
ji )
[
A0(mi) +A0(mj) +
[
(mi +mj)
2 − q2]B0(q2,m2i ,m2j)]. (A5)
With appropriate changes of parameters and masses, the above equation reproduce the fermionic contribution for
the SM Higgs two-point function ΣhT given by the Eq. (B.5) of the reference [45]. For the purpose of the present
calculation, it is convenient to express the Higgs two-point function in terms of Feynman parameters as follows,
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ΣhT (q
2) =
Ncg
2mimj(ξ
u
H − ξuh cotβ)2
283π2m2W (1 + cot
2 β)
Re(χ˜uijχ˜
u∗
ji )
[
3(2∆ + 1)(m2i +m
2
j ) + 6m
2
im
2
j∆− q2(3∆ + 1)
−6
∫ 1
x=0
dx
[
x(x − 1)q2 +mimj + 2[mjx+ (q2x−m2i )(x − 1)]
]
log
(mjx+ (q2x−m2i )(x − 1)
Λ
)
+ (i⇄ j)
]
. (A6)
Similarly, with appropriate changes, we obtain the respective SM contribution in an exact form,
ΣhSM(q
2) =
Ncm
2
fα
8πs2Wm
2
W
[
2m2f(3∆ + 5)− q2(∆ + 2) + (q2 − 6m2f) log
(m2f
Λ
)
−2
q
(4m2f − q2)3/2 tan−1
(
q√
4m2f − q2
)]
. (A7)
On the other hand, the Higgs-boson one-point function can not be induced by the flavor-changing neutral couplings
but we need to include it in our renormalization scheme and we used a linear combination of one-point functions,
T h(m2i ,m
2
j) =
T (m2i ) + T (m
2
j)
2
, (A8)
where
T (m2k) =
Ncgm
4
k
8π2mW
h˜kk
[
1 + ∆− log
(
m2k
Λ2
)]
. (A9)
It is important to mention that we obtain the SM results for ∆Γ
(1,2)
H given in Eq. (29) of [52], with q
2/m2t ≃ 0 in (A7)
and h˜kk = 1 in (A9). Therefore, our renormalization scheme is just a generalization of the usual procedure used for
the renormalization of the SM fermionic radiative corrections to the hhh vertex. In the case of the flavor-conserving
neutral correction, the renormalization process is basically the same used in the SM, except for the proportionality
factor h˜2ii. The same situation is obtained for the mirror fermion contribution in the LHM with T-parity. In this case
the masses of these fermions depend on three parameters (Eq. (7)): the diagonal element κii, the energy scale f and
the vacuum expectation value v. However, it is convenient to take each mirror fermion mass as a free parameter. In
this way, we get the same mathematical structure for the mirror fermion contribution, Eq. (11), than the SM result
given in Eq. (23). The only difference in both contributions is associated to the respective Higgs boson couplings
to fermions and without losing generality, for the correspondence (g,mf ,mW ) → (kii, v, f) can be applied. As a
consequence, the SM fermionic contributions have the same renormalization scheme in the LHM with T-parity.
Appendix B: Feynman parameters
In the calculation of Eq. (21), we needed six different permutations for the 4-momentum of the external Higgs
bosons and we used the following Feynman parameters,
M21 = x
2 + y2 − s2j(x+ y − 1)− (s2q − 2)xy + (s2i − 1)(x+ y),
M22 = x
2 + s2i y − s2j (x+ y − 1) + s2q(y − 1)y + x(s2i + s2qy − 1),
M23 = y(y − 1) + s2i (x+ y) + (s2qx− s2j)(x+ y − 1). (B1)
In the flavor conserving case i = j and the M2k functions reproduce the respective functions µ
2
k for the SM fermionic
contributions given in Eq. (11).
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